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Abstract. An application of the orbital-freeab initiomolecular dynamics (OF-AIMD) method to
liquid lithium at 470 K and 725 K is presented. The results are compared with data from scattering
experiments—x-ray and neutron diffraction results for the static structure factor and inelastic x-ray
measurements of the dynamic structure factor. These comparisons reveal a strong sensitivity of the
calculated quantities at low scattering vector to the form of the pseudopotential for Li, and lead to
an improvement of the previously suggested method for pseudopotential generation for OF-AIMD.
By combining x-ray and neutron diffraction data the ion–electron structure factor may be extracted.
OF-AIMD results for this quantity are compared with experiment.

1. Introduction

Molecular dynamics methods have been extensively exploited to obtain static and dynamic
properties of simple liquid metals [1–5]. Recently, attention has focused on developingab initio
approaches which do not rely on the introduction of inter-particle potentials [6–8]: they are,
in principle, free from empirical parameters and transferable to all environments, including
mixtures. However, these techniques, which are based in the Kohn–Sham (KS) formulation of
density functional theory (DFT) [9], require a huge computational effort and only simulations
with a small number of particles have been accomplished. An alternative, cheaper, approach,
the so-called orbital-freeab initio molecular dynamics method (OF-AIMD) [10], gives correct
results for structural and dynamical properties of simple metallic systems [11–14]. Recently
the OF-AIMD method has been used to obtain the ion–ion and ion–electron static structure
factors of liquid Na, Mg and Al with considerable success [14]. The OF-AIMD technique
permits computations with larger samples and longer simulation times, comparable to those
routinely used in classical simulations.

Liquid lithium is a system in which the ionic structure and dynamics has been studied
thoroughly in recent years [2–4, 15–17]. It exhibits a behaviour that differs markedly from
those of the other alkalis [18]. The investigation of this metal at the microscopic level poses
significant problems both in the experimental and theoretical fields. The determination of the
ionic structure factor from neutron diffraction experiments is not straightforward due to the
small atomic mass of the lithium nucleus, which hinders the correction of the data, especially
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at low momentum transfersk. X-ray diffraction is not straightforward either because the
proportion of valence (delocalized) electrons in Li in comparison with other alkalis is very
high and, therefore, corrections due to inelastic Compton scattering are substantial and not
totally understood [18, 19]. The dynamic structure factor has been recorded on the recently
developed inelastic x-ray instruments [17]. As these authors show, the diffraction and inelastic
scattering results present a stringent test for the reliability of computer simulations, especially
at low scattering angles. To access this low-wavevector region in simulations, quite large
simulation cells are required, bringing the computational advantages of OF-AIMD into play.

From the theoretical point of view, 2s and 2p valence orbitals in Li are very similar in
size and energy and can hybridize effectively [1, 20]. This makes non-locality effects very
important in Li, hindering the determination of reasonable local pseudopotentials needed to
construct inter-particle pair potentials [15]. Despite this, Canaleset al [4] have achieved a
remarkable prediction of a whole set of bulk properties for Li at two different temperatures by
using classical molecular dynamics with pair potentials obtained via linear response theory.
Also Kresse [2] has calculated the static and dynamic structure factor of Li at 470 K via Kohn–
Sham AIMD simulation, with a fully non-local pseudopotential. These new experimental
results and simulations provide good benchmarks for evaluating the state of development of
the OF-AIMD method, which currently involves a local pseudopotential, especially given the
interest in low-wavevector properties and the consequential large simulation cells required.

Finally, Li is an interesting system for which to examine the extraction of ion–electron
structure factors from the ratio of x-ray and neutron diffraction measurements [21, 22]. In a
previous paper [14], we showed that the theoretically calculated difference between x-ray and
neutron diffraction structure factors is considerably smaller than the differences so far measured
for Na, Mg and Al, suggesting that it is smaller than intrinsic errors in the experiments. Due
to the high ratio of valence to core electrons in Li, the difference between x-ray and neutron
diffraction structure factors is expected to be larger than in these other metals. We have
therefore calculated the ion–electron structure factor and compared it with data available from
experiments [19].

2. Simulation details and pseudopotential generation

A description of the OF-AIMD method has appeared in several previous publications [10–13],
together with an evaluation of its computational advantages over a conventional KS-AIMD for
metallic systems. Four simulations of liquid Li were performed in the present work, comprising
two different thermodynamic states (470 K and 725 K), two different system sizes (176 and
479 particles) and two different pseudopotentials (see below). Details of these simulations
can be found in table 1. The average densities were fixed to the experimental values at the
chosen temperatures [18]. As seen in table 1, this results in the system being under a small
(by simulation standards) positive pressure. A spherical plane-wave cut-off of 18–20 hartrees
was introduced to truncate the Fourier expansion of the valence electron densityρe(r) in all
cases.

In all simulations the time step was set equal to 0.5 fs. The samples were equilibrated
over 10 000–15 000 steps and in all cases a production run of 20 000 steps was carried out in
order to obtain the averaged quantities presented in the following sections. This amounts to a
real time of 10 ps. Simulations with the lower number of particles were carried out on a single
Silicon Graphics R10000195 MHz processor and required 30–36 seconds of CPU time per
step. The simulation with 479 particles was executed in parallel on eight R10000 processors
and took 20 seconds of CPU time per simulation step.

As mentioned before, two distinct pseudopotentials have been used to describe Li.



Structure and dynamics of liquid lithium 6101

Table 1. Simulation details and properties of liquid Li. The experimental data have been taken
from reference [18].

T /K N ρ/kg m−3 P /MPa χT /10−4 MPa−1 cs /m s−1 D/Å2 ps−1

OF-AIMD(A) 470 479 513.4 1400 0.98 5300± 500 0.82± 0.05
OF-AIMD(A) 470 176 513.4 1420 1.41 5600± 370 0.79± 0.05
OF-AIMD(B) 470 176 513.4 −2600 1.13 4485± 370 0.55± 0.05
OF-AIMD(A) 725 128 491.0 1380 2.09 5250± 340 1.78± 0.05
KS-AIMDa 470 128 — — — 5100± 100 0.69
NPA-MDb 470 668 — — 0.99 5250 0.66± 0.02
Experiment 470 — 513.4 ∼ 0 1.02 4544 0.63
Experiment 725 — 491.0 ∼ 0 1.20 4389 1.79

a Kohn–Sham AIMD simulation by Kresse [2].
b Classical MD simulation with neutral pseudoatom (NPA) potentials by Canaleset al [4].

A detailed account of the generation of the first of them, which will be referred to as
pseudopotential A, is given in reference [20]. In short, this local pseudopotential was obtained
in a three-stage ‘inversion’ procedure: (1) the Troullier–Martins method [23] was used to
generate anab initio non-local pseudopotential for a Li atom using a 1s22s1p0 configuration.
(2) The non-local pseudopotential was introduced into a Kohn–Sham calculation for a bcc
crystal (two atoms) of Li at the melting point density of the system. (3) The electron density
obtained in the KS crystal calculation is input into the OF program and, by requiring that the
electronic energy functional is minimized by this density, we obtain thelocal pseudopotential
that gives rise to the same valence electron density. The pseudopotentials obtained in this way
gave good crystal properties for Li (and several other simple metals), including the phonon
dispersion curves [20].

In view of the findings to be reported below, we note an important limitation of this
procedure. Because the inversion (step 3) is carried out on the electron density of a crystal,
the lowest wavevector at which the electron density is a non-vanishing Fourier coefficient is
at the first Bragg peak (∼2.5 Å−1). Since the inversion procedure is linear in the Fourier
coefficients of the density, this means that the Fourier coefficients of the pseudopotential for
smaller wavevectors are undetermined. In practice, thek = 0 value is required to yield the
same total energy in the OF calculation as the KS one and the pseudopotential is assumed to
be of Gaussian shape at lowk.

In order to cope with this drawback a second pseudopotential for Li (pseudopotential B)
has been generated and tested. The approach applied to obtain this new pseudopotential is
based on the solution of the electronic problem posed by an ion embedded in an electron gas.
A considerable amount of effort [15, 24–26] has been devoted to this issue, whose main goal
is the determination of the induced or ‘screening’ densityn(r) (departure from the average
density of electrons) around the ion in its ‘jellium’ environment. Gonzálezet al [15] pseudized
n(r) (calculated by means of the so-calledneutral pseudoatom method[24]) and obtained a
pseudopotential using linear response theory. That is, the pseudopotential is generated in such a
way that, assuming linear response, it reproduces the pseudizedn(r) at a given thermodynamic
state. In our new approach [27], we use instead the OF functional (which also includes non-
linear effects) to carry out the same ‘inversion’ procedure as mentioned in the generation of the
pseudopotential of type A, but using now as input the pseudized ‘jellium’ induced densityn(r).
Since this screening density is calculated in an infinite system, there are no limitations in the
use of lowk-values. We have obtainedn(r) at the same jellium density as that of the valence
electrons in the liquid at 470 K. The solution of the electronic structure problem for the atom
in the electron gas was achieved through the ‘jellium–vacancy’ formalism of Chihara [26].



6102 J A Anta and P A Madden

The generation of pseudopotential B is, therefore, anab initio procedure, save that the average
electron density of the target system is used as an input to the calculation.

Pseudopotentials A and B are plotted in figure 1. The most striking point is that the
pseudopotential B shows a knee at ak-value close to 2kf , kf being the Fermi wavevector at
470 K (kf = 0.580 au−1). For the reasons pointed out previously, this behaviour is missed
in the construction of pseudopotential A (2kf corresponds roughly to the first Braggk-vector)
and, as we will see below, it proves crucial to describing correctly liquid lithium in the long-
wavelength region.
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Figure 1. The non-Coulombic part of the pseudopotentials used in this work. Solid curve: pseudo-
potential A; dashed curve: pseudopotential B.

3. Static structure and ion–electron correlations

The ion–ion and ion–electron (partial) static structure factors of liquid Li were calculated
throughout the simulation by averaging the instantaneous fluctuations of the ionic and valence
electron densities via the usual Ashcroft–Langreth formula [1,28]

Sij (k) = 1√
NiNj

〈ρi(k)ρj (−k)〉 (1)

whereρi(k) andρj (−k) are the Fourier components of the respective densities (i, j = I, e).
In this way we have determined the ion–ion,SII (k), and ion–electron,SIe(k), structure factors
for all k-vectors compatible with the periodic boundary conditions. The distribution functions
are then calculated by back Fourier transformation of the partial structure factors

gij (r) = 1 +
1√
ρiρj

∫ [
Sij (k) − δij

]
e−ik·r dk (2)
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or directly in real space, although this latter procedure is shown to give essentially the same
results.

3.1. Ion–ion correlations

The results forSII (k) can be found in figure 2 (structure factors) and figure 3 (radial distrib-
ution functions). The theoretical predictions are seen to reproduce the experimental neutron
structure factors [19] remarkably well, at the level of resolution seen in the main panel. Greater
discrepancies can be seen with respect to the x-ray structure factor. To some extent this may be
due to the fact thatSII (k) is obtained from the experimental x-ray structure factor by assuming
that the electronic form factor in the metal is the same as that for the isolated atom. The Li data
will be particularly sensitive to errors in this approximation due to the high ratio of valence
to core electrons [29]. For simulations performed with pseudopotential A, the results depart
significantly from the experimental data only around the main peak and in the low-k region.
With respect to the principal-peak region, we have discussed elsewhere [14] that there is a
tendency in simulations with relatively small numbers of particles to overestimate the height
of the main peak in liquid metals (where the density of the liquid is similar to that of the solid)
because the periodic boundary conditions tend to induce a quasi-crystalline order [30]. For
instance, the structure factor obtained in the KS-AIMD simulations by Kresse [2] shows a
clear overestimation at the position of the main peak. Nevertheless, the results presented here
prove to be very accurate when compared with the neutron structure factors, especially for
pseudopotential B. This may be a consequence of the long times spanned by the simulations,
for which a better equilibration of the sample could be achieved.
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Figure 2. The ion–ion static structure factor of liquid Li. The results at the higher temperature are
shown displaced upwards by unity. Diffraction data are taken from reference [19].
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Figure 3. Ion–ion radial dis-
tribution functions of liquid
Li; experimental data from
reference [19].

At low wavevectors the OF-AIMD results with pseudopotential A lie systematically below
the experimental data (inset to figure 2). This is not due to system size effects, as the 176-
and 479-particle simulations give similar results in the common accessiblek-range. On the
other hand, the simulation with pseudopotential B seems to give the correct low-k behaviour.
In addition, we have estimated the value of the compressibilityχT (=SII (0)/ρkBT ) by fitting
the simulation data at small wavevectors to a second-order polynomial and extrapolating
to k = 0 (see table 1). The simulation with pseudopotential B gives a better estimate of
the compressibility for the same number of particles. We therefore believe that the new
pseudopotential generation method, which allows for the direct determination of the potential
at low k, is the method of choice for constructing local pseudopotentials for orbital-free
calculations.

Turning to real-space properties, excellent agreement is observed in the radial distribution
function at 470 K (see figure 3), showing that theab initio calculation describes correctly the
local structure of ions. At the higher temperature, the agreement is somewhat poorer, probably
because of the lack of transferability of pseudopotential A, the only one used at 725 K.

3.2. Electron–ion correlations

For the reasons pointed out in the introduction, the analysis of the results for the ion–electron
structure factorSIe(k) deserves particular attention. As shown in a previous paper [14] the
relation between x-ray and neutron diffraction structure factors is given by

SX(k) = [fI (k) + ñ(k)]2

f 2
A(k)

SN(k). (3)

where fI (k) and fA(k) are, respectively, the ionic and atomic form factors,SX(k) and
SN(k) (=SII (k)) are the coherent x-ray and neutron diffraction structure factors, andñ(k)

is the effective‘screening’ densityin Fourier space in the liquid, i.e., the average density of
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valence electrons that surrounds each ion in the liquid relative to the uniform background
(in other words: the form factor of thepseudoatom). To obtain the coherent scattering from
the total scattering requires the removal of an incoherent background whose exact form is
still under discussion in the x-ray case [19, 21]. Given the x-ray and neutron diffraction
experimental structure factors, and the experimental ionic form factor,ñ(k) may be obtained
from equation (3). The experimental ion–electron structure factorSIe(k) is then simply given
by [14]

SIe(k) = 1√
z
ñ(k)SII (k) (4)

wherez is the ionic charge, and this may be compared with the simulation ion–electron structure
factor obtained from (1). Extraction of̃n(k) from the experimental data involves taking the
ratio ofSX(k) andSN(k) and then subtractingfI (k): if ñ(k) is small compared tofI (k), which
is the case for most elements of appreciable atomic numbers, this places a very high demand
on the precision of the x-ray and neutron measurements. This procedure is equivalent to that
used by Takedaet al [22] to extract the ion–electron structure factors for Na, Mg and Al, for
which, in a previous paper [14], we found a qualitative disagreement between calculated and
experimental quantities. The interesting point about Li is that the ratio of valence to core
electrons is very high. Since it is precisely the deviation ofñ(k) with respect to the valence
electron distribution of an isolated atom from which the differences between x-ray and neutron
scattering arise, we could expect that the procedure of extracting the ion–electron structure
factor from experiment would be more accurate in the Li case.

We have then used the neutron and x-ray diffraction structure factors of Olbrichet al [19]
to obtain the ion–electron structure factor. The result is displayed in figure 4 together with
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−0.05
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S
Ie
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OF−AIMD ("A")
OF−AIMD ("B")
Experiment

Figure 4. The ion–electron partial structure factor of liquid Li at 470 K; experimental data extracted
from reference [19] in this work.
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SIe(k) obtained from the simulation. Appreciable deviations can be observed, especially in
the region of the main peak and at highk. The rapid oscillations at highk and the shape of
the function in the region of the first peak of the experimental data seem to be consistent with
a difference in the resolution of the neutron and x-ray experiments. However, the magnitude
of the calculated and experimental structure factors is closer than obtained for the heavier
elements studied previously.

Unlike the ion–ion structure factors, the ion–electron correlations are seen to be very
sensitive to the choice of pseudopotential, and again the pseudopotential B seems to give the
correct low-k behaviour (where any experimental resolution problem should be less pronounced
because of the slowk-dependence of the structure factor in this region). The effect of the
pseudopotential is also visible in the ion–electron radial distribution functions (see figure 5),
which were obtained from back Fourier transformation of the theoreticalSIe(k). As is well
known, the first dip ofgIe(r) is correlated to the first maximum ofgII (r). From the comparison
of the functions at two different temperatures, it can be seen that an increase of the temperature
(or a lowering of the density) causes the valence electrons to be more tightly localized around
the ions.
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Figure 5. The calculated ion–electron radial distribution functions of liquid Li.

4. Dynamic properties

The dynamic structure factorS(k, ω) of Li at 470 K (figures 6 and 7) has been obtained from
a direct Fourier transformation in time of the intermediate scattering functionF(k, t) which is
defined as

F(k, t) = 1

N
〈ρI (k, t + t0)ρI (k, t0)〉. (5)
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Figure 6. The dynamic structure factor or liquid Li at 470 K as obtained from OF-AIMD simulation
with 479 particles. Note: this particular representation corresponds to the pseudopotential A.
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Figure 7. Comparison of the theoretical dynamic structure factor at three different wavevectors
with inelastic x-ray scattering (IXS) results [17].

To perform the time average〈· · ·〉 occurring in equation (5) we have sampled the ion positions
every 50 steps. A maximum correlation timet = 1 ps was used and a Blackman window [31]
was used to diminish the effect of the truncation in the Fourier transformation, giving a
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resolution in the frequency domain of around 3 ps−1.
As can be seen in figure 6, a Brillouin peak persists up tok ∼ 2 Å−1, i.e., very close to the

position of the principal peak in the static structure factor (see figure 2). This shows that the
liquid supports collective excitations for wavelengths comparable with the mean inter-particle
spacing, a distinctive and well-known characteristic of liquid metals [1,28].

In figure 7 the theoretical and the experimental (inelastic x-ray) dynamic structure factors
[17] are displayed. The comparison is absolute, i.e. there has been no shift of the vertical
or horizontal scale. Excellent agreement is found at higherk for all cases. At lowerk the
simulations correctly predict the appearance of a Brillouin peak, and the calculated Brillouin
shift and width are in good agreement with experiment. In addition to the Brillouin peak at
∼35 meV, the data at 1.25 Å−1 show an additional peak at∼27 meV which appears to be
due to truncation errors in the Fourier transform. That the simulation with pseudopotential B
seems to miss the experimental Brillouin peak in the lowest panel of the figure is due to the
fact that thek-vector of the simulation (0.69 Å−1) is shifted with respect to the experimental
one (0.72 Å−1) with which it is compared. In fact, pseudopotential B leads to a slightly
better prediction of the sound speed, as we will see below. The calculated and experimental
peak positions are compared in figure 8. The inelastic x-ray scattering measurements of Sinn
et al [17] showed that the dispersion relation of the Brillouin mode is steeper than the slope
that corresponds to the macroscopic sound speed. Thus, the system does not seem to reach
the hydrodynamic limit until wavevectors around 0.4 Å−1. This suggests that the best way to
estimate the macroscopic sound speedcs of liquid Li from the simulation is from the position
of the Brillouin peak inS(k, ω) at the smallest wavevector accessible (cs = ωmax/k). Taking
the slope of the dispersion relation at lowk leads to a significantly higher sound speed, in
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Figure 8. The dispersion relation of the Brillouin mode. IXS stands for inelastic x-ray scattering
measurements [17].
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accordance with the non-hydrodynamic behaviour observed in the experiment. The results
for cs using the first wavevector (see table 1) show that the best prediction of the macroscopic
sound speed is obtained with pseudopotential B. This is not surprising bearing in mind that
this pseudopotential is the one which gives a good compressibility.

Simulations with pseudopotential A appear to underestimate the intensity of the elastic line
at lowk, and to overestimate its width. This is not a system size artifact, as the results for 176
and 479 particles agree well. It is consistent with the aforementioned discrepancy between the
calculated and experimental static structure factor at intermediatek for this pseudopotential.
The frequency integral of the dynamic structure factor should equal the static structure factor
and, as can be seen from the figure, the integral of the calculated data atk ∼ 0.72 Å−1 is lower
than in the experimental case by a factor which corresponds closely the underestimate of the
static data at this value ofk. In contrast, the simulation with pseudopotential B leads to a better
dynamic structure factor in the low-frequency and low-wavevector region.

We have also calculated from the simulation data the mean square displacementx2(t) and
the velocity autocorrelation functionCvv(t), which are defined, respectively, as

Cvv(t) = 〈vx(t)vx(0)〉
〈vx(0)2〉 (6)

x2(t) = 〈|x(t) − x(0)|2〉 (7)

where the time average〈· · ·〉 has been calculated in the same manner as described before.
The mean square displacements, as well as their time derivatives, are displayed in figure 9. It
is observed that the relaxation time of the ionic velocities lies around 0.5 ps. The diffusion
coefficientD can be calculated from these either by integration ofCvv(t) (the Green–Kubo
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Figure 9. Mean square displacements (and their time derivatives) as computed from OF-AIMD
simulation.
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relation) or by differentiation ofx2(t) (the Einstein relation)

D = kBT

M

∫ ∞

0
Cvv(t) dt (8)

D = 1

2
lim
t→∞

dx2(t)

dt
. (9)

The results for the diffusion coefficient are collected in table 1. Figure 9 also shows the time
derivative occurring in the right-hand side of equation (9). Again the simulation with pseudo-
potential B provides a better estimate of the diffusion coefficient, although this turns out to be
slightly smaller than that from the experiment.

5. Conclusions

By the standards of most simulation studies, the quality of the agreement between the calculated
and experimental static figure 2 and dynamic figure 7 structure factors is extremely good.
Particularly high standards have been set in the case of Li, by the high quality of the experimental
data. The quality of these data has driven us to revise our previously published method
of pseudopotential generation. The new pseudopotential and the OF-AIMD method give an
excellent representation of lithium, which is always regarded as a difficult case because of non-
locality. The only empirical information used in the calculations is the experimental density
and, even here, the simulation pressure is very small, so working at zero pressure would have
had little effect on the results. The simulations used modest computational resources, and
there is considerable scope for achieving further increases in efficiency for larger system sizes
by using e.g. multiple-time-step methods [32].

As regards the ion–electron structure factor, we have seen that the theoretical predictions
for this quantity in Li do not show a much better accord with the currently available experimental
data than was the case for Na, Mg and Al. There are still discrepancies which suggest that a
better treatment of the corrections in both neutron and x-ray scattering measurements should
be applied.
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